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Abstract An investment model can be developed for in-
vestment in repetitive inspections and investment in mea-
surement equipment in imperfect production systems. The
relevant costs and benefits of the investments are developed
to predict the return of the investments. The investment in
repetitive inspections affects the number of repetitive
inspections. The investment in measurement equipment
reduces the measurement error of measurement equipment.
They are then linked to the proportion of good units sent to
the customer, which can result in an increase in market share
and a decrease in product warranty cost. The model includes
the investment in inspection, the investment in measurement
equipment, failure cost in inspection, failure cost in mea-
surement, manufacturing cost, market share increase, and
warranty cost.
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1 Introduction

Deliman and Feldman [4] considered serial manufacturing
systems with imperfect inspection and rework of defective
items. Duffuaa [6] determined the optimal number of repeat
inspections for a complete repeat inspection plan. Ding
et al. [8] considered repetitive inspection strategies for
examining as to whether it is better to repetitively test
rejected items, or to repetitively test accepted items. Basnet
and Case [1] discussed the effect of measurement error on
accept/reject probabilities for homogeneous products.
Engel and Vries [7] showed that the testing procedure
could lead to incorrect decisions due to measurement error.

We use the results [1, 6] to develop the effect of repetitive
inspections and measurement error on the proportion of
conforming units among accepted items sent to the cus-
tomers. The investment model presented by Lee et al. [9]
will be used as the basis for developing these investment
models.

In this research, the joint model for investment in in-
spection and the investment in measurement equipment
will be developed. On one hand, investment in inspection
depends on the number of repetitive inspections, and hence
affects the proportion of conforming units among accepted
items sent to the customer. On the other hand, investment in
measurement equipment will reduce measurement error,
which also impacts the proportion of conforming units
among accepted items sent to the customer. Thus, the
common link between these two investment opportunities
is the proportion of conforming units among accepted
items sent to the customer. Investments in inspection and
measurement equipment result in the increase of the pro-
portion of conforming units among accepted items sent to
the customer, and hence affects warranty cost, market share
increase, and relevant costs.

2 Model development

Let’s assume that a multistage manufacturing system will
provide the framework for developing the analytical models.
The two–tuple (i, j) indicates the jth stage of component/
subassembly i, where i=1,…, N j=1,…, n (i). The proportion
of nonconforming and conforming components/subassem-
blies i at stage j can be denoted as p (i, j) and 1– p (i, j),
respectively.

2.1 The effect of investment in repetitive inspections

At any stage, the inspector may reject or accept a conforming
unit if it corresponds to components/subassemblies or
products with probabilities P1 and 1– P1 respectively, when
that item is inspected. The inspector will accept or reject the
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nonconforming unit at all stages for components/subassem-
blies or products with the probabilities P2 and 1– P2
respectively, each time an item is inspected. The repetitive
inspection concept [6] is used as the basis for developing the
effect of the investment in inspection.

The proportion of falsely rejected components/subas-
semblies after ω (i, j) repetitive inspections, PRG'ù (i, j), at
stage j for component/subassembly i can be written as

PRG0! i; jð Þ ¼ 1� p i; jð Þ½ �P1 1� P1ð Þ! i;jð Þ�1 (1)

From Eq. (1), the sum of the proportions of falsely
rejected components/subassemblies for all ω (i, j) repetitive
inspections, SPRG'ù (i, j), can be written as

SPRG0! i; jð Þ ¼ 1� p i; jð Þ½ � P1ð Þ½1þ
X! i;jð Þ�1

k¼1

1� P1ð Þk ��
(2)

The proportion of falsely accepted components/sub-
assemblies after ω (i, j) repetitive inspections is

PAB0! i; jð Þ ¼ p i; jð ÞP! i;jð Þ
2 (3)

From Eq. (3), the sum of the proportions of falsely
accepted components/subassemblies for all ω (i, j) repetitive
inspections, SPAB'ù (i, j), can be written as

SPAB0! i; jð Þ ¼ p i; jð Þ½
X! i;jð Þ

k¼1

P2ð Þk � (4)

The proportion of correctly accepted components/
subassemblies after ω (i, j) repetitive inspections, PAG'ù (i,
j), at stage j for component/subassembly i is

PAG0! i; jð Þ ¼ 1� p i; jð Þ½ � 1� P1ð Þ! i;jð Þ (5)

From Eq. (5), the sum of the proportions of correctly
accepted components/subassemblies for all ω (i, j) repetitive
inspections, SPAG'ù (i, j), can be written as

SPAG0! i; jð Þ ¼ 1� p i; jð Þ½ �½
X! i;jð Þ

k¼1

1� P1ð Þk � (6)

The proportion of correctly rejected components/sub-
assemblies after ω (i, j) repetitive inspections, PRB'ù (i, j), at
stage j for component/subassembly i is

PRB0! i; jð Þ ¼ p i; jð Þ 1� P2ð ÞP! i;jð Þ�1
2 (7)

From Eq. (7), the sum of the proportions of correctly
rejected components/subassemblies for all ω (i, j) repetitive
inspections, SPRB'ù (i, j), can be written as

SPRB0! i; jð Þ ¼ p i; jð Þ 1� P2ð Þ½1þ
X! i;jð Þ�1

k¼1

P2ð Þk � (8)

By adding Eq. (3) to Eq. (5), the proportion of accepted
components/subassemblies after ω (i, j) repetitive inspec-
tions, η'ù (i, j), is

�0! i; jð Þ ¼ p i; jð ÞP! i;jð Þ
2 þ 1� p i; jð Þ½ � 1� P1ð Þ! i;jð Þ (9)

By dividing Eq. (5) by Eq. (9), the proportion of con-
forming components/subassemblies among accepted com-
ponents/subassemblies after ù (i, j) repetitive inspections,
ρ'ù (i, j), is

�0! i; jð Þ ¼ 1� p i; jð Þ½ � 1� P1ð Þ! i;jð Þ

p i; jð ÞP! i;jð Þ
2 þ 1� p i; jð Þ½ � 1� P1ð Þ! i;jð Þ

n o.
(10)

From Eq. (9), the proportion of accepted components/
subassemblies after ω (i, j) –1 repetitive inspections, ç'ù–1 (i,
j), for the ω (i, j)th repetitive inspection is

�0!�1 i; jð Þ ¼ p i; jð ÞP! i;jð Þ�1
2 þ 1� p i; jð Þ½ � 1� P1ð Þ! i;jð Þ�1

(11)

Only the accepted components/subassemblies after each
inspection are inspected again at a given stage. The pro-
portion of produced components/subassemblies for the first
inspection is 1. Then, from Eq. (11), the sum of the
proportions of accepted components/subassemblies for all
ω (i, j)th repetitive inspections, ψ'ù (i, j), can be written as

’0! i; jð Þ ¼ 1þ
X! i;jð Þ�1

k¼1

p i; jð ÞPk
2 þ 1� p i; jð Þ½ � 1� P1ð Þk

h
(12)

The total of proportions of rejection for all repetitive
inspections at stage j for component/subassembly i is the
sum of the total of proportions of falsely rejected com-
ponents/subassemblies for all repetitive inspections and the
total of proportions of correctly rejected components/
subassemblies for all repetitive inspections, and can be
written as

�! i; jð Þ ¼ SPRG
0
! i; jð Þ þ SPRB

0
! i; jð Þ (13)
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2.2 The effect of investment inmeasurement equipment

The measurement variance is caused by the variation due
to the measuring gauge (repeatability) and the operators
(reproducibility). Let X (i, j) and Y (i, j) denote the true
value of the quality characteristic, and the measured
value of the quality characteristic at stage j for compo-
nent/subassembly i, respectively. The measurement error
associated with the measurement system is V (i, j), and X
(i, j) and V (i, j) are assumed to be independent. The true
value of X (i, j) is normally distributed with a mean μ (i,
j) and variance σ2 (i, j). The measurement error is nor-

mally distributed with a mean of 0 and variance σ2M (i, j).
The measured value of the quality characteristic is Y (i, j) =
X (i, j) + V (i, j), which is normally distributed with a mean
μ (i, j) and variance σ2 (i, j) + σ2M (i, j). Let USL (i, j)
and LSL (i, j) be the upper specification limit and
lower specification limit. We use the results from
Basnet and Case [1] to develop the effect of mea-
surement error.

The proportion of correctly accepted good units
considering measurement error, is PAG(i, j)=P[LSL(i, j)≤Y
(i, j)≤USL(i, j) (accepted) when LSL(i, j)≤X(i, j) ≤USL(i, j)
(good units)]

¼
Z USL i;jð Þ

LSL i;jð Þ
�

USL i; jð Þ � x i; jð Þ
�M i; jð Þ

� �
��

LSL i; jð Þ � x i; jð Þ
�M i; jð Þ

� �� �
f x i; jð Þð Þdx i; jð Þ (14)

The proportion of falsely rejected good units considering
measurement error is PRG (i, j) = P [Y (i, j) <LSL (i, j), or Y
(i, j) >USL (i, j) (rejected) when LSL (i, j) ≤ X (i, j) ≤ USL
(i, j) (good units)]

¼
Z USL i;jð Þ

LSL i;jð Þ
f x i; jð Þdx i; jð Þ � PAG i; jð Þð (15)

The proportion of falsely accepted bad units consider-
ing measurement error is PAB (i, j) = P [LSL (i, j) ≤ Y (i, j) ≤
USL (i, j) (accepted) when or X (i, j) < LSL (i, j), X (i, j) >
USL (i, j) (bad units)]

¼
Z LSL i;jð Þ

�1
�

USL i; jð Þ � x i; jð Þ
�M i; jð Þ

� �
��

LSL i; jð Þ � x i; jð Þ
�M i; jð Þ

� �� �
f x i; jð Þð Þdx i; jð Þ

þ
Z 1

USL i;jð Þ
�

USL i; jð Þ � x i; jð Þ
�M i; jð Þ

� �
��

LSL i; jð Þ � x i; jð Þ
�M i; jð Þ

� �� �
f x i; jð Þð Þdx i; jð Þ

(16)

The proportion of correctly rejecting bad units consider-
ing measurement error is PRB (i, j) = P [Y (i, j) < LSL (i, j),
or Y (i, j) > USL (i, j) (rejected) when X (i, j) < LSL (i, j), or
X (i, j) > USL (i, j) (bad units)]

¼
Z LSL i;jð Þ

�1
f x i; jð Þð Þdx i; jð Þ þ

Z 1

USL i;jð Þ
f x i; jð Þð Þdx i; jð Þ

" #

� PAB i; jð Þ
(17)

The proportion of acceptance due to measurement error
at stage j for component/subassembly i, ηM (i, j), is

�M i; jð Þ ¼ pM i; jð ÞPAB i; jð Þ þ 1� pM i; jð Þ½ �PAG i; jð Þ
(18)

where PAB(i, j) and PAG(i, j) are given in Eqs. (16) and (14),
respectively, and pM(i, j) and 1–pM(i, j) are the proportion

of nonconforming and conforming components/subassem-
blies without measurement error respectively.

From Eq. (18), the proportion of conforming units
among accepted items considering measurement error, ρM
(i, j), is

�M ði; jÞ ¼ ½1� pM ði; jÞ�PAGði; jÞ
pM ði; jÞPABði; jÞ þ ½1� pM ði; jÞ�PAGði; jÞf g�

(19)

2.3 The joint link between the investment in repetitive
inspections and measurement equipment

The proportion of conforming units among accepted items
can be the common link to integrate the investments in
inspection and measurement equipment. By multiplying
Eq. (10) by Eq. (19), the proportion of conforming units
among accepted items sent to the customer as the result of
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ω (i, j) repetitive inspections and measurement error at
stage j for component/subassembly i is

� i; jð Þ ¼ �0! i; jð Þ� �
�M i; jð Þ½ � (20)

By multiplying the proportion of accepted units as the
result of ω (i, j) repetitive inspections η'ω (i, j) in Eq. (9) and
the proportion of accepted units due to measurement error
ηM (i, j) in Eq. (18), the proportion of accepted units, η (i, j),
as the result of repetitive inspections and measurement
errors at stage j for component/subassembly i can be
written as

� i; jð Þ ¼ �0! i; jð Þ� �
�M i; jð Þ½ �	 �

(21)

Let Q indicate the batch quantity and the annual demand
D for the final products be assumed to be satisfied
completely. The production quantity per batch due to
repetitive inspections and measurement error, M (i, j), at
stage j of component/subassembly i can be written as

M i; jð Þ ¼ QQn ið Þ

g¼j
�0! i; gð Þ�M i; gð Þ� � (22)

The relevant costs in the joint model for investment in
inspection and test equipment will be derived as follows:

(1) Total manufacturing cost related to repetitive inspec-
tions and measurement error: Let the manufacturing
cost per unit be C (i, j). The total manufacturing cost
per year is

TCM ¼ D

Q

XN
i¼1

Xn ið Þ

j¼1

C i; jð ÞM i; jð Þ (23)

(2) Total inspection cost: Let the inspection cost per unit
be denoted as CI(i, j). The total inspection cost per year
related to repetitive inspections and measurement error
for all stages is

TCINS ¼ D

Q

XN
i¼1

Xn ið Þ

j¼1

CI i; jð ÞM i; jð Þ 0
! i; jð Þ (24)

(3) Investment in measurement equipment: The investment
in measurement equipment is a function ofmeasurement
variance σ2M (i, j). The total investment in measurement
equipment per year for all stages is

TCME ¼
XN
i¼1

Xn ið Þ

j¼1

f �2M i; jð Þ
 �
(25)

(4) Total profit loss: The total of proportions of rejection
due to repetitive inspections and measurement error is

TPRði; jÞ ¼ �!ði; jÞ þ �0!ði; jÞ½ð1� pM ði; jÞÞPRGði; jÞ
þ pM ði; jÞPRBði; jÞ�

(26)

The profit loss per rejected unit due to rejection is the
difference between the value per unit, V (i, j), and the
manufacturing cost per unit, C (i, j). The profit loss per
batch is

PL i; jð Þ ¼ V i; jð Þ � C i; jð Þ½ �M i; jð ÞTPR i; jð Þ (27)

The profit loss related to repetitive inspections and mea-
surement error per year for all stages is

TCPL ¼ D

Q

XN
i¼1

Xn hð Þ

j¼1

PL i; jð Þ (28)

(5) Total false rejection cost related to repetitive inspec-
tions and measurement error: The total of proportions
of false rejection due to repetitive inspections and
measurement error at stage j for component/subassem-
bly i is

TPRG i; jð Þ
¼ SPRG0! i; jð Þ
þ �0! i; jð Þ 1� pM i; jð Þ½ �PRG i; jð Þ (29)

Let the false rejection penalty per unit be denoted as
CRG (i, j). The false rejection cost per batch related to
repetitive inspections and measurement error at stage j
for component/subassembly i is

FR i; jð Þ ¼ CRG i; jð ÞM i; jð ÞTPRG i; jð Þ (30)

The total false rejection cost related to repetitive in-
spections and measurement error per year for all stages is

TCFR ¼ D

Q

XN
i¼1

Xn hð Þ

j¼1

FR i; jð Þ (31)

(6) Total false acceptance cost related to repetitive inspec-
tions and measurement error: The total of proportions of
false acceptance due to repetitive inspections and mea-
surement error at stage j for component/subassembly i is

TPAB i; jð Þ ¼ SPAB0! i; jð Þ þ �0! i; jð ÞpM i; jð ÞPAB i; jð Þ
(32)

Let the false acceptance penalty per unit be CAB (i, j).
The false acceptance cost per batch at stage j for
component/subassembly i is

FA i; jð Þ ¼ CABM i; jð ÞTPAB i; jð Þ (33)
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The total false acceptance cost due to repetitive in-
spections andmeasurement error per year for all stages is

TCFA ¼ D

Q

XN
i¼1

Xn ið Þ

j¼1

FA i; jð Þ (34)

(7) Warranty cost: For a conforming item and a non-
conforming item, the expected number of repairs
within the warranty period W can be ∫0Wϕ1 (t) dt and
∫0Wϕ2 (t) dt respectively [3], where ϕ1(t) and ϕ2 (t) are
the failure rate for a conforming item and a
nonconforming item respectively. Let the repair cost
per unit be CR. Let ρ (q, n (q)) be the proportion of
conforming units of the final product sent to the
customers. The warranty cost is

TCW ¼ CRðDÞf�ðq; nðqÞÞ
Z W

0
’
1
ðtÞdt

þ ½1� �ðq; nðqÞÞ�
Z W

0
’
2
ðtÞdt

(35)

(8) Market share increase: Let the value of the final
product per unit be V and the annual demand of the
final products sent to the customers be D. The market
share increase is a function of ρ (q, n (q)), and total
market share increase per year can be written as

MS ¼ f � q; n qð Þð Þ½ �V Dð Þ (36)

3 Conclusion

The total cost after the investment in inspection and measure-
ment equipment can be obtained by adding Eqs. (23), (24),
(25), (28), (31), (34), and (35) and subtracting Eq. (36). The
investments in repetitive inspections and measurement
equipment will affect the number of repetitive inspections

and reduce measurement error of measurement equipment
respectively, and therefore are linked to the proportion of
good units sent to the customer, which will result in the
increase in market share and product warranty cost. The in-
vestment in repetitive inspections with respect to the
number of repetitive inspections, ω (i, j), and the investment
in measurement equipment with respect to measurement
error, σM (i, j), can be obtained. The proportion of
defective components/subassemblies, p (i, j), and batch
quantity,Q, can be also obtained. Themodel can include the
investment in inspection, the investment in measurement
equipment, failure cost in inspection, failure cost in
measurement, manufacturing cost, market share increase
and warranty cost, and can be then used to predict the
benefits of investment.
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